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Abstract In the present paper, a simple mushy zone model and the boundary integral technique
are applied to solve a phase change moving boundary problem. Owing to the use of the mushy
zone model, some mathematical considerations are taken when applying the integral equation at
the extreme points of the domain. A numerical algorithm is developed to track the moving
boundaries that appear throughout the process. Good accuracy is obtained using the developed
algorithm and the results give good agreement with previous solutions.

Nomenclature
a` = Thermal diffusivity for liquid
as = Thermal diffusivity for solid
D = A cooling temperature applied at

x � 0
" = Fraction of latent heat in the mushy

zone 0 < " < 1
K` = Conductivity for liquid

Ks = Conductivity for solid
L = Latent heat
u` = Temperature for liquid phase
us = Temperature for solid phase
UF = Phase change temperature applied at

x � s�t�
Ui = Initial temperature

1. Introduction
Conduction heat transfer involving melting or solidification plays an important
role in a wide variety of materials processing applications, from foundry
operations to growth of high purity semi-conductor crystals. All of these
problems have the characteristic of an interface boundary, which moves into
the solid or into the liquid in accordance with the relative magnitude of the
latent heat on either side of it.

Heat transfer problems with phase change have been studied because of
their wide scientific and technological applications, e.g. Alexiades and Solomon
(1993), Lunardini (1991) and Rubinstein (1971). A review of a long bibliography
is presented in Tarzia (1981).

Boundary integral methods are very convenient to use for solution of Stefan
problems. In these methods, nodal points are located only on the boundaries and
move together with the phase change interface. This means that there is no need
for any mesh adjustment (Ahmed and Wrobel, 1995). For multidimensional
problems, mesh adjustment is necessary but much easier to perform than in
standard domain methods. The solution of Stefan problems based on boundary
integral methods started in early 1970 with papers by Chuang and Szekely
(1972). Other applications include those of Shaw (1982), Wrobel (1983), Heinlein
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et al. (1986), Zabaras et al. (1988), Hsieh et al. (1992), Delima-Silva and Wrobel
(1993) and others.

In the present paper, a boundary integral method and the mushy zone model
with a developed algorithm are applied to solve the phase change problem with
moving boundaries. The results are compared with a previously available
approximate solution introduced by Tarzia (1995) and give good agreement.

2. Problem description and formulation
A semi-infinite liquid material occupying the region 0 � x <1was initially at
zero temperature. At time t > 0 the boundary x = 0 is subjected to a cooling
temperature. Three different phases appear, i.e. solid, mushy and liquid,
respectively. The problem configuration is shown in Figure 1.

In the mushy zone s�t� � x � r�t� two assumptions are made on its
structure (Tarzia, 1995); they are:

(1) The material in the mushy zone contains a fixed fraction "L, where L is
the total latent heat and 0 < " < 1.

(2) The width of the mushy zone is inversely proportional to the
temperature gradient at the moving boundary s(t).

The governing equations for solid phase:

as
@2us

@x2
� @us

@t
0 � x � s�t� �1�

with

us�x � 0; t� � D �2�

us�x � s�t�; t� � UF �3�
For solid-mushy-liquid zone s�t� � x � r�t�

Ks
@us�x � s�t�; t�

@x
ÿ K`

@u`�x � r�t�; t�
@x

� �L "
ds

dt
� �1ÿ "� dr

dt

� �
�4�

@us

@x
� �r�t� ÿ s�t�� � 
 �5�

Figure 1.
Problem configuration
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Liquid phase x > r(t)

a`
@2u`

@x2
� @u`

@t
x � s�t� �6�

u`�x � r�t�; t� � UF �7�

u`�x!1� � Ui �8�

s�0� � r�0� � 0 �9�

3. Boundary integral formulation
According to Chuang and Szekely (1972), Zabaras et al. (1988), Ahmed and
Wrobel (1995) the integral equation corresponding to the diffusion equation in
the solid phase 0 � x � s�t� can take the following form:

C���u��; tF� � as

Z tF

to

�
u���; x; tF ; t� @u�x; t�

@x

ÿ u�x; t� @u���; x; tF ; t�
@x

� 1

as
u�x; t�u���; x; tF ; t� ds�t�

dt

�s�t�

0

dt

�10�

And for the liquid phase r�t� � x � ` :

C���u��; tF� � a`

Z tF

to

�
u���; x; tF ; t� @u�x; t�

@x
ÿ u�x; t�

@u���; x; tF ; t�
@x

� 1

a`
u�x; t�u���; x; tF ; t� ds�t�

dt

�`
r�t�

dt

�11�

In these equations � is defined as the source point and u���; x; tF ; t� is Green's
function defined by:

u���; x; tF ; t� � 1�����������������������
4�a�tF ÿ t�p exp

r2��; x�
4a�tF ÿ t�
� �

�12�

with r being the distance between the source point � and field point x.

4. The proposed numerical algorithm
The present algorithm is developed to solve the phase change problem with
mushy zone appearing throughout the process. In this algorithm, the boundary
integral method is used to find the unknowns at the boundaries for each phase
separately such that the non-linear conditions at these boundaries should be
satisfied.
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The algorithm starts by guessing an initial velocity of the moving boundary
and solves the problem at discrete values of the fraction parameter ". The flow
chart describing the iteration procedure is shown in Figure 2.

5. Results and discussion
A test problem was solved with the proposed algorithm. For simplicity, all
thermophysical parameters were assigned a unit value except that the latent
heat was chosen to have two.

The test problem considers a semi-infinite slab with initial temperature
u0 � 2�C and the phase change temperature equals zero. The temperature at x
= 0 dropped to u = ± 10�C while the temperature at x!1 remained at the
initial state.

In the simple mushy zone model used in the present paper with the boundary
integral formulation there are two basic parameters which affect the process.
These parameters are " which represent the fraction of the latent heat in the
mushy zone, which is assumed to vary in the range 0 < " < 1. The second
parameter is 
, which represents the constant of proportionality between the
mushy zone thickness and the flux at the first moving boundary s(t).

Figure 3 shows the relation between these parameters based on the present
algorithm. It is clear that the present algorithm helps to determine a range for 

corresponding to ". This describes the process very well, since " represents the
fraction of the latent heat in the mushy zone and by increasing " the thickness
of the mushy zone increases.

The fraction of the latent heat in the mushy zone, which is represented by
the parameter ", affects directly the movement of the second moving boundary
r(t) and is shown in Figure 4. It is clear from this Figure that by increasing the
fraction of the latent heat the movement of r(t) increases.

The thickness of the mushy zone is affected by two major factors, namely,
time and latent heat fraction. Figure 5 shows the thickness of the mushy zone at
different values of the latent heat fraction. It is clear that the thickness of the
mushy zone increases by increasing the time and the latent heat fraction.

To check the validity and the accuracy of the proposed method, a
comparison is made for the movement of the moving boundaries for fixed
" � 0:1 between the present method and a previous approximate solution
developed by Tarzia (1995). Results of this comparison are shown in Figure 6,
which shows good agreement.

The temperature distribution for both phases that appear throughout the
process was evaluated based on the present algorithm. The solid phase
temperature at two different times and for a fixed value of " = 0.5 is shown in
Figure 7. It is clear that the temperature at the two times starts from
u � ÿ10�C, which is the boundary condition at x = 0 and increases until it
reaches the phase change temperature at the moving boundary s(t).

As mentioned before, the fraction of the latent heat in the mushy zone
controls the movement of the moving boundary in the liquid phase. Another
effect of this amount of fraction appears in the liquid phase temperature, as
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shown in Figure 8. In this Figure the liquid phase temperature is evaluated for
different values of ".

It is clear that at the same time step the liquid phase temperature increases
by increasing the amount of latent heat fraction. For example at t = 0.01, the
temperature at " � 0:1 is less than the temperature at " � 0:5 and the latter is
less than that at " � 0:9.

Figure 2.
Flow chart
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Figure 3.
Relation between
" and 


Figure 4.
Variation of r(t) with
time at different "
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Figure 5.
Thickness of mushy

zone at different times

Figure 6.
Comparison for the
moving boundaries



HFF
11,4

378

6. Conclusion
The phase change problem herein is formulated using the simple mushy zone
model and the boundary integral technique. A new numerical algorithm is
developed based on the model and the method used.

Figure 7.
Solid phase temperature

Figure 8.
Liquid phase
temperature
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The present algorithm includes a brief discussion of the assumptions made
on the simple mushy zone model. Also the algorithm has the flexibility to
handle and analyze each parameter, which has an effect on the movement of the
moving boundaries that appear throughout the process. Finally, the present
algorithm has the flexibility to handle multiphase problems.
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